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Abstract 



We construct wave packets for the hydrogen atom labelled by the classical 
action-angle variables with the following properties, i) The time evolution is 
exactly given by classical evolution of the angle variables. (The angle variable 
corresponding to the position on the orbit is now non-compact and we do 
not get exactly the same state after one period. However the gross features 
do not change. In particular the wave packet remains peaked around the 
labels.) ii) Resolution of identity using this overcomplete set involves exactly 
the classical phase space measure, iii) Semi-classical limit is related to Bohr- 
Sommerfield quantization, iv) They are almost minimum uncertainty wave 
packets in position and momentum. 
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I. INTRODUCTION 



Schrodinger attempted to construct wave packets for the hydrogen atom that were 
related to classical orbits. Such a construction was easy for the harmonic oscillator, and 
these are the well known coherent states P|. The hydrogen atom, however, proved to 
be more difficult and the question was not resolved at that time. The issue has become 
relevant again in connection with the Rydberg atoms ^ in microwave cavities. Various 
considerations have led to different proposals |^ for the coherent states of the hydrogen 
atom. Some used the dynamical groups SO (4) or SO (4,2). However, a state of the class 
did not go into a state of the same class under time evolution. Klauder has constructed 
coherent states with the property that under time evolution these remain coherent states. 
Recently one of us constructed a set of coherent states for the anharmonic oscillator 
which was unique when precise connection to the classical phase space and dynamics was 
demanded. 

We construct wave packets for the hydrogen atom labelled by classical phase space vari- 
ables. 

n — 1 

\R,a, (3,^,6,6) = f; E e'i ^e'^^'^^e^^i^^ 

n=l j,mi,m2,l,m y iP' — -'-)• 



\l U + - mi)!(j + m2)!(j - mi)! 

y,stn{^y-^^cos{^y+^^stn{^-y-^^cos{^-^^^^ (1) 

The definition of these variables and their relation to the classical orbit is explained later. 
The angle variable 6 now has the range (— oo, oo). Note that only the bound state spectrum 
has been used. Wave packets built out of scattering states with similar properties can also 
be constructed using our techniques, but will not be considered here. We have the resolution 
of identity in the subspace of the hilbert space spanned by the bound states, 

pOQ p pi p27V pi 

l^^=_y dR[J]iej d{{j + l/2)hcos(3) J da j d{{j + l/2)hcosS) 

X f"d7|i?,a,/3,7,5,^)(i?,a,/3,7,5,^| (2) 

where 
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= lim — / de. (3) 

This corresponds to averaging over an infinite number of classical orbits. The measure is 
exactly the classical phase space measure invariant under canonical transformations. Under 
time evolution, 

\R, a, (3, 7, 5, 6) ^ \R, a, f3, -f,S,e + uj{R)t) (4) 

The wave packets peak around the point in the classical phase space represented by the 
labels. The expectation values of position and momenta do not exactly correspond to the 
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labels and the wave packets are not of minimal uncertainty, in contrast to the harmonic 
oscillator coherent states. But these features of the latter are present in the semi-classical 
limit. 



II. CORRESPONDENCE TO THE KEPLER PROBLEM 

The bound state Kepler problem is conveniently described |§] by three action variables 
M, L, R and their corresponding angle variables ui, uj2, uj^. (These are related to the variables 
in Ref |^ through J3 = R, J2 = 2ttL, J3 = 277 M, Ui = 27rwi, i = 1,2, 3.) The hamiltonian Ti 
involves only R. 

2ttV 

n = -- ^ (5) 

L is the magnitude of the total angular momentum, and M is the z component of the 
angular momentum. The angle variables ui and UJ2 are also constants of motion in this 
problem because their corresponding frequencies are zero. Only changes in time as 

, , 2n . , 1 An^me'^ 

where T(R) is the time period of the orbit. 

It has been observed in p that the time evolution in equation (4) is possible only 
if the angle variable U3 is extended to the covering space; U3 G (—00,00). This is because 
the energy levels are incommensurate. After one period the wave packet is not reproduced, 
though grossly it has the same features. This uniquely fixes the dependence on u^. 

\R, L, M, uji, UJ2, UJ3) = 2^ Cnim{R, L, M, ui, i02, ) 6 ^ \nlm) (7) 

nlm 

Under rotation we require these wave packets to go into one another as these labels do. 

\R, L, M, uji, UJ2, uj-i) ^ \R, L, M{n),uJi{n),uj2{n),uj-i) (8) 

[R, L and uj^ do not change under rotation of axes.) 

uji is the angle between the y axis and the line of nodes, (i.e. the line of intersection 
between the orbital plane and the x-y plane.) uj2 is the angle between the line of nodes and 
the major axis (fig 1). Also ^ = coscui, where is the inclination of the orbit, (i.e. the 
angle between the normal n to the orbit and the z axis.) Thus under rotation of the orbit 
around the z axis (by angle ipi), uJi increases by ipi while UJ2 and uj^ do not change. This 
uniquely requires the dependence on ui to involve exp^—iuiJz) where Jz is the generator 
of rotations about the z axis. A rotation about the line of nodes by an angle ip/^ increases 
004^ by ipi while keeping ui and 002 unchanged. This fixes the dependence on and ui so 
that it involves exp{—iLJiJz)exp{—iLJ4Jy). This is because the rotation about line of nodes 
corresponds to exp{—iuJiJz)exp{—iip4^Jy)exp{ijJiJz)- Finally a rotation about the normal n 
by angle ip^ increases UO2 by '04 while keeping the other two angles constant. This rotation 
corresponds to 
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exp{—iujijz) exp{—iujijy) exp{—iip2jz) exp{iujijy) exp{iujijz). 

Therefore the dependence on a;4, tui, UJ2 is required to be 

exp{ —iuJiJz) exp{ —icu^Jy) exp ( —1002 Jz ) ■ 

Note that this rotation precisely corresponds to taking an orbit in the x-y plane with the 
major axis along the x direction into the orbit labelled by {R, L, M, u!i,u!2, cus). 

We may exploit the dynamical 0(4) symmetry of the hydrogen atom to fix the depen- 
dence on L also. In addition to the conserved vector J related to rotational invariancc, we 
have another conserved vector K along the major axis (fig 2.) related to the Laplace Runge 
Lenz vector. We have (J + K)^ = (J — K)^ = R^, = and the eccentricity of the 

orbit is e = y^l — ^ . The role of the vector K is to deform the orbits by changing L. The 
0(4) symmetry corresponds to independent rotations of the vectors and in the 
3-dimensional space. 

Consider a circular orbit in the x-y plane. Now K = and J ± K are in the z direction. 
Imagine a rotation of about the 2-axis by an angle cjs and an equal and opposite rotation 
of . This will give a non zero K of magnitude R sin uj^ along the x direction and J of 
magnitude R cos 005 along the z direction. Thus the orbit has been deformed into an elliptic 
orbit in the x-y plane with ^ = cosuj^. 

The above analysis shows the following. In order to have the right transformation proper- 
ties of the classical variables R, L, M, u!i,u!2, <^3 under the full 0(4) symmetry, the dependence 
on R,L, u!i,u!2 has to be via 

where cosco^ = ^ and C0SU4 = Classically this will rotate and deform a circular orbit in 
the x-y plane into the orbit with the labels {R, L, M, cui, a;2, UJ3) (without changing the size of 
the major axis) . Quantum mechanically the former corresponds to the state \n,n — l,n — l). 
Therefore we may expect the coherent state to have the form 

\R,L,M,uJi,uj2,u;3) = J2 Cn{R)e-''''-^^e-^^'^'^e-'^'^^^e-''''^e'^\n,n - l,n - 1) (9) 

n 

With a proper choice of Cn{R) this will have the properties we require. However we find 
that it is much more natural and convenient to use a different set of action angle variables. 
Note the close relation to the angular momentum coherent states. Note also that the angle 
variables uj\iUJ2 are involved in rotation about the third axis whereas the angles uj^ and uj^ 
related to the action variables are involved in rotation about the one and two axes. This is 
a general feature as seen below. 

III. COHERENT STATES FOR A PRECESSING SPIN 

Consider a spinning object with spin quantum number j and gyromagnetic ratio /i in 
an external magnetic field B in the z direction. The hamiltonian is 7i = /iBJz- Classically 
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the spin will precess about the z axis with frequency iJ,B. The action variable is Jz which 
measures the inclination to the z axis and the angle variable 6 G (0,27r), is the azimuthal 
angle of the precessing spin. We now show that, by requiring classical time evolution, semi- 
classical limit and correct rotation property for the states \Jz,0) labelled by the classical 
phase space of this system, we obtain uniquely the angular momentum coherent states . 
We have 

\Jz,e) = EC-(J.)e-^'^^'"'^|j,m) (10) 

m 

to reproduce the classical evolution, \Jz,d) \Jz,0 + fJ'Bt). Under rotation by angle ip 
about the x axis, to goes touj + ip where cos u = ^ and J is the classical spin to be associated 
to the spin quantum number j. In order that \Jz,d) have this property, we have to choose 

\Jz,e) = e-'''^e-'^'y\jj) (11) 

This is precisely the rotation that takes the z axis to the instantaneous axis of the classical 
spin. Correct semi-classical limit requires the choice \jj) as seen below. Note that we have 
precisely got the angular momentum coherent state labelled by u and 6. We now show that 
this has the right semi classical limit and resolution of identity 

-imO 



J.,e) = J2d',mHe-''^ljm) (12) 



where 



-sin{-y-^cos{-y+^ (13) 



\ (i + m)!(j -m)! ^2' ^ 2' 



For large j, d^jmiu) peaks at cos cu = y i.e. the dominant contributions come from the states 
mh ^ Jz- 



As Jz and 6 are action angle variables, the phase space measure is dJz dd. Now 

- dJz d9\Jz,9){Jz,9\ = y2T d{cosuj) d^jm{uj) d^jm{uj)\jm){jm\ (14) 
n J -J Jo 17 n J -I 



J 2 

= — — — -\jm){jm\ (15) 
= 1 (16) 

with the identification J = {j + l/2)h. (This means that we must associate classical J = 
{j + l/2)h to the spin quantum number j.) 

Thus the angles u and 6 appearing in the angular momentum coherent state Eq. (12) 
can be interpreted as classical phase space variables for a precessing spin with 6 as the angle 
variable and (j + l/2)cosuj as the corresponding action variable. 
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IV. COHERENT STATES FOR THE HYDROGEN ATOM 



In place of the conserved variables L, M,uji,uj2 we will use other variables suggested by 
the 0(4) symmetry. We will use the two 0(3) subgroups in 0(4) generated by (^^^^). We 
define 

|i?,a,/3,7,5,^) = ^(:7,<i?)e-*°(^)^e-^^(^)^e-^^(^)^e-*^(^)^e'(5f^)|jj)|^^^^ (17) 

3 

In place of quantum states \n,l,m) we are now using \jmi)\jm2) of and re- 
spectively. (The j quantum number is the same because (J + K)^ = ( J — K)^). j takes half 
integer values 0, |, 1, |... We get the states \nlm) by going to the coupled basis 

limi) Ijms) = E Ci,™j2j + l,l,m). (18) 

Im 

The new angles are related to the earher angles as follows (ref fig. 2). The rotation 
rotates the classical vector J + K from the z axis to {R sin (5 cos a, R sin (5 sin a, R cos (5) 
without affecting Similarly the rotation rotates the classical vector J — K from 

z axis to {Rsind cos ^, Rsin6 siwy, Rcos 6). Therefore the projection of J on the z axis 
gives cosip4 = |j| (cos /9 + cos 6) where |J| = R^j2 + 2 sin jS sin5 cos{a — '-)) + 2 cos jS cos 5. 

The line of nodes is along z x J and therefore has the direction cosines {sin6sin'~f + 
sin 13 sin a, —sin (3 cos a — sin 6 cos 7) . Therefore cos cu = j^^^{sin 6 sin 7 + sin (3 sin 7) with 



|ON| = R^ sin'^jd + sin'^^ + 2 sin f3 sin^ cos(a — 6) . Vl is obtained by taking the compo- 
nent of K along the line of nodes and therefore cos Q = |oi^||k| {sin'^P cos 2a — sin^^i cos25) 

and |K| = R^ 2 — 2 sin f3 sin 5 cos (a — 7) — 2 cos /? cos 5. The orbit is simply obtained from 
the vectors J-t-K and J-K because it is perpendicular to J and has the major axis along 
the direction K with magnitude (2^)^01 where a is the Bohr radius. Also the eccentricity is 

given by e = ^Jl-jj^cf- 

The classical phase space measure in the new variables is 

dRded{{j + l/2)hcosl3) dad{{j + l/2)hcos6) d'j 

For large J, the state \R, a, f3, 7, S, 9) gets dominant contribution from nii = {j + 1/2) cos j3 
and 7712 = (j + 1/2) cos 5. This is exactly as wanted by Bohr quantization of the action angle 
pairs because cos j3 = '■'^^-'^ and cos 5 = ■ Therefore we only have to fix Cj{R) by 

requiring the correct semi-classical limit and resolution of identity. We want Cj{R) to peak 
at R — {2j + l)h as Bohr quantization gives R — nh. Also to get a resolution of identity we 
require 



1 

h Jo 



dR\Cj{R)\^ = l (19) 



for all j. For normalization we require J2j |C'j(-R)P = 1 where j = 0, |,1,|... All these 
requirements are met by 
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QW = e-4(f^ (20) 
Thus we get the coherent state as in equation no.(l). 

V. WAVE PACKET PROPERTIES 

In case of the harmonic oscillator coherent states \ z) the expectation values of the position 
and momentum operators are directly given by the real and imaginary parts of the label 
z. Also they are minimal uncertainty states. For our coherent states, these properties 
are not valid exactly, but are valid asymptotically in the semi-classical region 0]. This is 
a consequence of the semi-classical limit of our coherent states where the correspondence 
principle may be applied. Consider the expectation value of an operator 0{p^,q) in a coherent 
state. For large values of -R, and M (in units of h), the coherent state is dominated by 
the states \nlm) with n ^ R/h, I L/h and m ~ M/h. Now, the correspondence principle 
relates the expectation value of O to the value of the corresponding classical variable 0(p, q) 
for the corresponding classical orbit. Thus asymptotically, our coherent states are wave 
packets peaked around position, momenta etc. corresponding to the action angle variables 
labelling it. Also, asymptotically they would be minimum uncertainty states. More detailed 
consideration of these properties for small values of the action variables will be considered 
elsewhere. 

VI. CONCLUSION 

We have constructed wave packets for the hydrogen atom, labelled by points of the classi- 
cal phase space which follow classical orbits very closely. They have the correct semiclassical 
limit corresponding to Bohr quantization. In addition, they have the desirable property that 
the resolution of identity involves exactly the classical phase space measure. As a conse- 
quence of incommensurate energy levels, our wave packets do not return to the original state 
after one period, but the overall features do not change. One may interpret this as follows 
: the wave packet has (an infinite number of) internal degrees of freedom, which may not 
return to the original state after a period. 
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